The Weierstrass semigroup H (P) is well known and has been studied. Recently there has been a renewed interest in these semigroups because of applications in coding theory. Generalizations of the Weierstrass semigroup H (P) to n-tuples P 1 , . . . , P n have been made and studied. We will state and study another possible generalization.
Introduction
Let C be an algebraic curve defined over a finite field F. We will always assume that the curve C has no singularities. This is no restriction, since given any curve C we can always pass to the nonsingular model. Let P be a rational point on the algebraic curve C. The Weierstrass semigroup H (P) is defined as the set of integers k such that there exists a function on C having pole divisor exactly k P. From this description it is clear that H (P) is a subset of the natural numbers N = {0, 1, 2, . . .}. Denote the genus of the curve C by g. The Weierstrass gap theorem states that the set G(P) := N \ H (P) contains exactly g elements called gaps. The structure of the set G(P) is however not always the same. It is known that for almost all points the set G(P) is the same, but there can exist at most finitely many points, called Weierstrass points, with a different gap set. These points are of intrinsic interest, but another motivation to study them comes from the field of coding theory. The AG-codes based on the space L(k P) are better for small k if one chooses P to be a Weierstrass point (see [11] ).
From the above description of H (P) it is clear that one could generalize the Weierstrass semigroup to n-tuples of rational points P 1 , . . . , P n of points in the following way: we define the semigroup H (P 1 , . . . , P n ) to be the set of n-tuples (k 1 , . . . , k n ) such that there exists a function with pole divisor exactly k 1 P 1 +· · ·+k n P n . Clearly H (P 1 , . . . , P n ) ⊂ N n and using for example Riemann-Roch's theorem one sees that the set G(P 1 , . . . , P n ) := N n \ H (P 1 , . . . , P n ) is finite. Especially for small n this semigroup and its gaps have been studied extensively (see e.g. [5] [6] [7] [8] ).
In this paper we will study a different generalization of the Weierstrass semigroup to n-tuples (see Definition 5) . It arises by reinterpreting the semigroup H (P). We denote by R P the ring of functions on the curve C that are regular outside P and we denote by v P the valuation at P. The image of the map −v P : R P \ {0} → Z is exactly H (P). In this paper we will take this point of view as a starting point. The advantage of this approach over the usual one is that it will allow us to study noneffective divisors as well. This idea first appeared in [1] . Moreover certain symmetries coming from principal divisors with small support will be divided out. In this way we obtain a generalization of H (P) that is more closely related to the Jacobian of the curve C than the usual one.
The organization of the paper is as follows: in the second section we will give a generalization of H (P) and give some first properties. In section three we give more detailed results in the case n = 2. In particular we generalize an involution mentioned in [5, 7] . In the last two sections we illustrate the theory by calculating some semigroups for among others the well-known Hermitian and Suzuki curves.
2.
The semigroups H( P 1 , . . . , P n ) and H( P 1 , . . . , P n ) Let C be a nonsingular algebraic curve defined over a finite field F. For any n-tuple P 1 , . . . , P n of distinct rational points we denote by R P 1 ,...,P n the ring of functions on C that are regular outside the points P 1 , . . . , P n . Throughout this paper, we will assume that #F > n. For notational simplicity we define v P 1 ,...,P n ( f ) := (v P 1 ( f ), . . . , v P n ( f )) for any non-zero function f on C. With this in mind we give the following definition. Definition 1. Let P 1 , . . . , P n be distinct rational points on an algebraic curve C defined over a finite field F. We define
As noted in the introduction H (P) = H (P). In general H (P 1 , . . . , P n ) = H (P 1 , . . . , P n ), but we can construct H (P 1 , . . . , P n ) from H (P 1 , . . . , P n ) if we know that #F > n. Proposition 2. Suppose that #F > n. We have
Proof. It is clear from the definitions that N n ∩ H (P 1 , . . . , P n ) ⊂ H (P 1 , . . . , P n ). Now assume that (k 1 , . . . , k n ) ∈ H (P 1 , . . . , P n ). This means that there exists a function f on C with pole divisor k 1 P 1 + · · · + k n P n . If for some i we have k i = 0 it might happen that v P i ( f ) > 0. However, we can choose α ∈ F such that v P i (α + f ) = 0 for all such i. Therefore by choice of α the equality k i = −v P i ( f + α) holds for all integers i between 0 and n; i.e., (k 1 , . . . , k n ) ∈ N n ∩ H (P 1 , . . . , P n ).
The following lemma describes infinitely many elements of H (P 1 , . . . , P n ).
Lemma 3. Let P 1 , . . . , P n be distinct rational points on an algebraic curve of genus g defined over a finite field F such that #F > n. Further let (k 1 , . . . , k n ) be an n-tuple satisfying
Proof. Given (k 1 , . . . , k n ) as in the lemma, we need to establish the existence of a function f ∈ R P 1 ,...,P n with −v P 1 ,...,P n ( f ) = (k 1 , . . . , k n ). However, since any divisor of degree larger than or equal to 2g−1 is non-special, there exist functions
Taking a suitable F-linear combination of these functions gives the desired function f . Here one needs that #F > n to show that such a suitable F-linear combination exists.
Note that H (P 1 , . . . , P n ) is not a subset of N n in general. Therefore we need to establish first what we mean by a gap of H (P 1 , . . . , P n ). It is not hard to show that semigroup
. . , P n are distinct points on the projective line. Also it is a priori clear that in general any n-tuple (k 1 , . . . , k n ) satisfying k 1 + · · · + k n < 0 does not belong to H (P 1 , . . . , P n ). These facts motivate the following definition.
Definition 4. Let P 1 , . . . , P n be distinct rational points on an algebraic curve C defined over a finite field F. We define
Of course we will call the elements of G(P 1 , . . . , P n ) gaps again. An at first disappointing fact is that the cardinality of the set G(P 1 , . . . , P n ) is either zero or infinity if n > 1. To see this suppose that (k 1 , . . . , k n ) is a gap. We consider the divisor D := P 1 − P 2 . It is well known that there exists an integer a such that a D is a principal divisor (see [10, Prop.V.1.3]). Therefore for any l ∈ Z the n-tuple (k 1 , . . . , k n ) + l(a, −a, 0, . . . , 0) is also a gap.
Let f be a function with divisor a(P 1 − P 2 ) mentioned above. The function f is a unit in the ring R P 1 ,...,P n ; i.e., f ∈ R * P 1 ,...,P n . In fact we have in general f ∈ R * P 1 ,...,P n if and only if its divisor has support in the set {P 1 , . . . , P n }. For any such f we can construct from a given gap (k 1 , . . . , k n ) another one, namely (k 1 , . . . , k n ) − v P 1 ,...,P n ( f ). To obtain a more interesting semigroup, we divide out all relations determined in this way by the elements of R * P 1 ,...,P n . This is reminiscent to the definition of the Jacobian of a curve, where all principal divisors are divided out.
Definition 5. Let P 1 , . . . , P n be distinct rational points on an algebraic curve C defined over a finite field F. We define
Note that the set −v P 1 ,...,P n (R * P 1 ,...,P n ) is a lattice contained in the hyperplane
In particular v P 1 ,...,P n (R *
We conclude that H (P 1 , . . . , P n ) is a semigroup. For future reference we give the following notation for this lattice:
If P is a rational point, then we have R * P = F * and therefore H (P) = H (P) = H (P). Since H (P 1 , . . . , P n ) = H (P 1 , . . . , P n )/Λ(P 1 , . . . , P n ), it is natural to define the set of gaps G(P 1 , . . . , P n ) as the complement of H (P 1 , . . . , P n ) in the set
that is,
We give a lemma about the cardinality of G(P 1 , . . . , P n ).
Lemma 6. As before, let P 1 , . . . , P n be distinct rational points on an algebraic curve C defined over a finite field F such that #F > n. Then we have
Proof. We can assume that n > 1, since otherwise the result is known. Suppose P 1 , . . . , P n are given. We define the divisors D 1 := P 1 − P 2 , D 2 := P 2 − P 3 , . . . , D n−1 := P n−1 − P n . We know that there exist functions f 1 , . . . , f n−1 and integers a 1 , . . . , a n−1 such that ( f i ) = a i D i . This means that any modulo class (k 1 , . . . , k n ) + Λ(P 1 , . . . , P n ) has a representative of the form (l 1 , . . . , l n ) satisfying 0 ≤ l i < a i for 1 ≤ i < n, as well as l 1 + · · · + l n ≥ 0. We also know from Lemma 3 that any n-tuple (l 1 , . . . , l n ) satisfying l 1 +· · ·+l n ≥ 2g is not a gap. This implies the number of gaps is at most 2g · n−1 i=1 a i . Note that we can obtain a better upper bound than in the above lemma by adapting its proof a little. The region U defined by 0 ≤ l i < a i for 1 ≤ i < n, and l 1 + · · · + l n = 0 is just a first approximation of the fundamental region V of the lattice Λ(P 1 , . . . , P n ).
Using the same ideas as in the proof of Lemma 6 one can show that
where vol n−1 (V ) denotes the n − 1-dimensional volume of V . In fact the expression vol n−1 (V )/ √ n is the volume of V relative to the lattice Λ 0 . It comes up when summing the all one function over the discrete set Λ 0 /Λ(P 1 , . . . , P n ).
If n = 2, there exists a positive integer a such that {λ · (a, −a) | 0 ≤ λ ≤ 1} is a fundamental region. This a can also be characterized as the smallest positive integer k such that k(P 1 − P 2 ) is a principal divisor. In this case Eq. (2) simplifies to # G(P 1 , P 2 ) ≤ 2ag. Proposition 19 gives an improvement of this.
In the remaining part of this section we will give a lower bound and another upper bound for the number of gaps. First we need a definition.
The use of the function σ will become clear after the following lemma.
This means that for any k we have k ∈ H (P 1 , . . . , P n ) if and only if k + v ∈ H (P 1 , . . . , P n ). The lemma follows from this.
The above lemma implies that the function τ :
is well-defined. Note that by Lemma 3 the value of the function τ cannot exceed 2g. We use this function τ to obtain an expression for the number of gaps of the semigroup H (P 1 , . . . , P n ).
Theorem 9. Let C be an algebraic curve of genus g defined over a finite field F such that #F > n. Suppose that P 1 , . . . , P n are rational points on C. As before we denote by V a fundamental region of the lattice Λ(P 1 , . . . , P n ). We have
Proof. Given k ∈ V , define the sets
We claim that for any κ ∈ A k \ B k the inequality κ < σ (k) holds. Indeed suppose that κ > σ (k) (equality cannot hold by the definitions of σ and A k ). Since κ ∈ B k , there exists a function f ∈ R P 1 ,...,P n such that v P i ( f ) ≥ −k i for 1 ≤ i ≤ n − 1 and v P n ( f ) = −κ. On the other hand, since (k 1 , . . . , k n−1 , σ (k)) ∈ H (P 1 , . . . , P n ), by definition of σ we have a function g ∈ R P 1 ,...,P n such that v P i (g) = −k i for 1 ≤ i ≤ n − 1 and v P n (g) = −σ (k). Therefore, we can choose a suitable constant α ∈ F such that v P i ( f + αg) = −k i for 1 ≤ i ≤ n − 1 and v P n ( f + αg) = −κ (using that κ > σ (k)). This implies that (k 1 , . . . , k n−1 , κ) ∈ H (P 1 , . . . , P n ) contrary to the assumptions. Hence the claim is true.
Let k ∈ V be given. We will now count gaps of the form (k 1 , . . . , k n−1 , κ) by distinguishing two cases:
From the definitions of σ and τ we conclude that there are τ (k) such gaps.
(ii) κ > σ (k). From the above claim, we conclude that for any such κ, (k 1 , . . . , k n−1 , κ)
is an element of B k . Therefore we consider the sequence of numbers
Using Riemann-Roch's theorem, we deduce that the number of κ > σ (k) such that dim(
Since σ (k) = τ (k) + k n and k 1 + · · · + k n = 0, we deduce that the number of gaps
Summing over all k ∈ Λ 0 /Λ(P 1 , . . . , P n ) and observing that
we obtain the theorem.
We now give two corollaries stating a lower and an upper bound on the cardinality of G(P 1 , . . . , P n ).
Corollary 10. We have
Proof. This follows immediately from Theorem 9.
We can improve the lower bound in the last corollary by observing that dim( (k 1 , . . . , k n−1 ) ∈ G(P 1 , . . . , P n−1 ). For n = 2 we will give an improvement in Proposition 19.
Proof. We first notice that the degree of the divisor
The involution σ P, Q
In this section we specialize to the case n = 2. Many of the results of the previous section can be improved in this case. Let P and Q be two rational points on a smooth algebraic curve C defined over a finite field F such that #F > 2. As mentioned before in the discussion following Eq. (2), the fundamental domain of the lattice Λ(P, Q) can be chosen of the form {λ(a, −a) | 0 ≤ λ ≤ 1} with a a positive integer. We will call this integer a the period of the semigroup H (P, Q).
We start our investigation of the case n = 2 with a useful lemma taken from [7] . We give the proof for the convenience of the reader. Lemma 12. Let (i, j) and (k, j) ∈ H (P, Q) with i < k. Then there exists (k, l) ∈ H (P, Q) with l < j.
Proof. By definition of the semigroup H (P, Q) there exist functions f and g ∈ R P,Q such that
By taking a suitable linear combination f and g we can make a function h ∈ R P,Q such that v Q (h) > − j. On the other hand v P (h) = −k. Defining l := −v Q (h), we see that (k, l) has the desired properties.
In [7] a bijective function from G(P) to G(Q) is defined. This function is very important in the study of the semigroup H (P, Q) and its applications to coding theory (see e.g. [5, [7] [8] [9] ). The advantage of using the semigroup H (P, Q) rather than H (P, Q) is that this function can now be generalized in a natural way to a bijective function from Z to Z.
Definition 13. Let C be an algebraic curve and P and Q be two rational points of C. We define σ P,Q : Z → Z by σ P,Q (i) := min{ j | (i, j) ∈ H (P, Q)}.
It is easy to see that if i ∈ G(P) the value of σ P,Q (i) is the same as the function mentioned in [7] . Also note that this function is closely related to the function defined in Definition 7. We now establish some of its basic properties. Proposition 14. Let C be a smooth algebraic curve and P and Q be two points of C. Further let a be the period of the semigroup H (P, Q). We have:
(ii) σ P,Q (i) ∈ G(Q) if and only if i ∈ G(P).
(iii) σ P,Q (i) ≤ 0 if and only if i ∈ H (P).
Proof. (i): We define k := σ P,Q (σ Q,P (i)). From Definition 13 we have k = min{ j | (σ Q,P (i), j) ∈ H (Q, P)}. Therefore k ≤ i. If strict inequality held, then the semigroup H (P, Q) would contain the elements (σ Q,P (i), i) and (σ Q,P (i), k). From Lemma 12 one sees (by reversing the roles of P and Q) that the semigroup H (P, Q) contains an element of the form (l, i) with l < σ Q,P (i). However, this is in contradiction with the definition of σ Q,P . Therefore σ P,Q (σ Q,P (i)) = i for all i. Similarly one shows σ Q,P (σ P,Q (i)) = i for all i.
(ii): This follows immediately from the properties of σ P,Q stated in [7] .
(v): From the fact that (i, σ P,Q (i)) ∈ H (Q, P) we see that the linear space L(i P + σ P,Q (i)Q) is at least one-dimensional. Therefore i + σ P,Q (i) ≥ 0. The upper bound σ P,Q (i) ≤ 2g − i can be deduced from Lemma 3.
(vi): This is a direct consequence of Definition 13.
(iii): Suppose σ P,Q (i) ≤ 0. If σ P,Q (i) = 0, we know from (i) and (vi) that i = 0. If σ P,Q (i) < 0, we know that i ∈ H (P) by (ii) and (v). If on the other hand i ∈ H (P), then by Definition 13 we see σ P,Q (i) ≤ 0. Because of item (i) of the above proposition, we will call σ P,Q the involution connected to the order pair of points (P, Q). This involution will play a similar role for the semigroup H (Q, P) as the involution in [7] did for H (P, Q). In particular we are able to calculate the number of gaps of the semigroup H (P, Q) in terms of σ P,Q .
Lemma 15. Denote by a the period of the semigroup H (P, Q) and let c ∈ Z. The number of gaps of the semigroup H (P, Q) is given by:
Proof. By periodicity of the semigroup H (P, Q) we can assume c = 0. Let i be a fixed integer between 0 and a − 1. We know that all (i, j) with −i ≤ j < σ P,Q (i) are gaps. This accounts for i +σ P,Q (i) gaps of the form (i, j). We also know that (i, σ P,Q (i)) ∈ H (P, Q) and that all tuples of the form (k, σ P,Q (i)) with σ P,Q (i) ≤ k < i are gaps. It follows that if (i, j) is a gap with j > σ P,Q (i), then so are all tuples (k, j) with − j ≤ k < i. Therefore l := σ Q,P ( j) > i, whence we see that σ P,Q (i) < σ P,Q (l). Conversely from any pair l and i such that l > i and σ P,Q (l) > σ P,Q (i) we deduce that the tuple (i, σ P,Q (l)) is a gap. This accounts for the second term in the proposition.
We now give a lemma and a proposition making Lemma 15 more useful. These results exploit the fact that knowing the involution on a consecutive integers completely determines it.
Lemma 16. Let c ∈ Z be given. For any fixed i ∈ Z satisfying c ≤ i ≤ a + c − 1 we have
Proof. It is clear that
Also note that by the periodicity for any j and d ∈ Z we have σ P,
In the following proposition we will simplify Lemma 15 further.
Proof. For simplicity we will write σ instead of σ P,Q . First note that i + σ (i) = i + a + σ (i) − a = i + a + σ (i + a). Therefore we can assume w.l.o.g. that c = 0. Let d be an integer such that ad > 2g. We will calculate the expression ad−1 i=0 (i + σ (i)) in two ways. In the first place we have by periodicity:
On the other hand
and
since ad > 2g. We will now derive explicit expressions for the two sums occurring on the right hand side of Eq. (5). In the first place i∈G(P)
by item (ii) of Proposition 14. In the second place i∈H (P),0≤i<ad
In the first equality we used the periodicity. The second equality is more subtle. We used item (iv) of Proposition 14 and the fact that for any i ∈ H (P) satisfying 0 ≤ i < ad we have σ (i − ad) = σ (i) + ad ≤ ad. Together these facts imply that the image of the set
Eqs. (4)- (7) imply
Comparing Eqs. (3) and (8) gives the desired result.
We are now ready to prove a theorem about the number of gaps of the semigroup H (P, Q) similar to Theorem 9.
Theorem 18. Let P and Q be rational points of an algebraic curve C defined over a finite field F of cardinality larger than two. Suppose that the semigroup H (P, Q) has period a. Then for any integer c we have
Proof. This follows from Lemma 15 and Proposition 17.
We conclude this section by giving a lower and an upper bound for # G(P, Q).
Proposition 19. We have
Proof. To prove the lower bound we choose c = 0 in Theorem 18. Since σ P,Q (0) = 0 and σ P,Q (i) ≤ 0 for i ∈ H (P), we have #{ j > 0 | σ P,Q ( j) > σ P,Q (0)} = g. To prove the upper bound, we use Corollary 11 and Proposition 17. We obtain:
Note that the above lower bound improves Corollary 10 for n = 2. If a = 2, both bounds in Proposition 19 give 3g. It can happen that a = 2, namely if P and Q are suitable points on an hyperelliptic curve. In this sense the bounds are sharp. In the next two sections we will calculate the number # G(P, Q) in some other examples (see Theorems 20 and 27).
4. The curves of the form y q + y = x m Let q be a prime power and m a positive integer relatively prime to q. In this section we will investigate the curve C m defined over F q 2 by the equation
The genus of the curve C m equals g = (q − 1)(m − 1)/2. If m = q + 1, the curve C m is the Hermitian curve. If m divides q + 1, the curve C m is maximal (see [2, Thm. 1]). A generalization of these curves was also studied in [2] . They considered the curves again given by the equation y q + y = x m , but now m divides q r + 1 for some natural number r ≥ 1, and the field of definition is F q 2r . One can show that if r · char(F q ) is even, such a curve is maximal.
Let P := P 00 and Q := P ∞ , where P ∞ denotes the point at infinity and P ab denotes the common zero of x − a and y − b. The divisors of x and y are given by
In fact m is the period of the semigroup H (P, Q). This follows for example from the fact that the period necessarily is a pole number and the fact that H (Q) = q, m . We have
Clearly, if N ≥ 0 and M = 0, then (−N , N q) ∈ H (P, Q). In particular we derive that σ P,Q (i) ≤ −iq. We claim that
Because of the periodicity, this will completely determine the involution σ P,Q . We will now prove the claim. Since m is the period, we have σ P,Q (−i ·m) = i ·m for any i ∈ Z. Since σ P,Q is a bijection and σ (−i) is a pole number if i ≤ 0 (see Proposition 14 part (iv)), we obtain that σ P,Q (−1) ≥ q. Therefore σ P,Q (−1) = q. By the periodicity, this implies that σ P,Q (−1 − im) = q + im for any i ∈ Z. Similarly as before we can conclude that σ P,Q (−2) = 2q. Continuing inductively one can prove the claim. The regularity of σ P,Q can also be seen in the structure of H (P, Q) (see Fig. 1 ). Using Theorem 18 we now calculate the number of gaps in the semigroup H (P, Q).
Theorem 20. Let C m be the curve defined over F q 2 by the equation
We denote by P the zero of y and by Q the pole of y. Further we write g := (q − 1)(m − 1)/2 for the genus of C m . Then
Proof. We will use Theorem 18 with c = −m + 1. For any natural number l we denote by p(l) the number of pairs (i, j) with −m + 1 ≤ i ≤ 0, (l − 1)m + 1 ≤ j ≤ lm, j > i and σ P,Q ( j) > σ P,Q (i). By Proposition 14, item (v) we have for any j > (q − 1)m that σ P,Q ( j) < 0. Therefore p(l) = 0 for l ≥ q. Since for any −m + 1 ≤ i ≤ 0 the smallest j > i with σ P,Q ( j) > σ P,Q (i) is positive, we have
We will now calculate p(l) for 1 ≤ l ≤ q − 1. Any j satisfying (l − 1)m + 1 ≤ j ≤ lm can be written in the form α + lm with −m + 1 ≤ α ≤ 0. Moreover for such j we have σ P,Q ( j) = σ P,Q (α) − lm. Hence the condition σ P,Q (i) < σ P,Q ( j) is equivalent to −iq < −αq − lm. We see that p(l) is the same as the number of pairs (i, α) both integers between −m + 1 and 0 satisfying i − α > lm/q . A direct counting argument gives that
Summing over l gives the first statement of the theorem. To obtain the second equality from the first we use the formula
(This formula is a special case of a formula mentioned in Chapter 3 of [3] .)
In the following corollaries we consider some special cases.
Corollary 21. For the Hermitian curve C q+1 we have
with a := q + 1 the period of H (P, Q).
Proof. For 1 ≤ l ≤ q − 1 we have (q+1)l q = l. The first equality follows directly from this. The second equality follows by explicit calculations.
Corollary 22. Let m be a proper divisor of q + 1. Then for the curve C m we have
Proof. We define n := (q + 1)/m. For 1 ≤ i ≤ q − 1 we have
Moreover,
The corollary now follows.
Note that in the last two corollaries the term after (a + 1)g is the weight of a suitably chosen Weierstrass point. We do not know for which curves C and points P and Q on C, there exists a point R on C such that # G(P, Q) − (a + 1)g = w(R). 
The Suzuki curves
Let n be a positive integer and define q 0 = 2 n and q = 2 2n+1 ; i.e., q = 2q 2 0 . The Suzuki curve over the field F q is defined by the equation
It is well known that the Suzuki curve has genus q 0 (q − 1) and that it has maximal number of points with respect to its genus (see [4] ). We denote by P 00 the (unique) zero of both x and y and by P ∞ the (unique) pole of x. It is also known that the divisor (q + 2q 0 + 1)(P 00 − P ∞ ) is principal (namely the divisor of the function y 2q 0 x + (y 2q 0 − x 2q 0 +1 ) 2q 0 , see [9] ). In fact we claim that the integer q + 2q 0 + 1 is the smallest positive integer k such that the divisor k(P 00 − P ∞ ) is principal. To see this write a for this smallest positive integer. First note that a is an element of the semigroup H (P ∞ ) which is known to be generated by q, q + q 0 , q + 2q 0 and q + 2q 0 + 1. Also note that the integer a divides q + 2q 0 + 1. These two facts together imply that a is a divisor of q + 2q 0 + 1 among the elements q, q + q 0 , q + 2q 0 and q + 2q 0 + 1. Therefore a = q + 2q 0 + 1. From now on we write a := q + 2q 0 + 1.
We will now consider the semigroup H (P 00 , P ∞ ). For n = 1 the semigroup H (P 00 , P ∞ ) is illustrated in Fig. 2 . We wish to determine the number of gaps of the semigroup H (P 00 , P ∞ ). Our first task is to determine the involution σ P 00 ,P ∞ . For simplicity we will write σ for this involution in this section. Since we have the rule σ (i + a) = σ (i)−a, the involution is completely determined by its values on the set {1, 2, . . . , a}. With the exception of the integers q, q +q 0 , q +2q 0 , and a all elements of the set {1, 2, . . . , a} are gaps of the Weierstrass semigroup H (P 00 ). For gaps of H (P 00 ), the involution σ has been determined in [9] . On the other hand one easily sees that σ (q) = −1, σ (q +q 0 ) = −1−q 0 , σ (q + 2q 0 ) = −1 − 2q 0 , and σ (a) = −a. This determines the involution σ completely. In fact one can describe the involution σ for i ∈ {1, 2, . . . , a} by the following formula:
for some j ∈ {1, 2, . . . , q 0 + 1},
Although this formula suggests that the involution is quite complicated, its graph is in fact very regular as demonstrated in the following lemma.
Lemma 23. Let σ denote the involution defined by Eq. (10) and define
Proof. First of all note that the sets mentioned in Eq. (11) both have cardinality a. Therefore is suffices to show that one is a subset of the other. Let i be an integer satisfying 0 < i ≤ a. We choose α = (i +σ (i))/(q −1)−q 0 and β = (α +i −q 0 −1)/q 0 . Then we have (i, σ (i)) = (q 0 β −α +q 0 +1, qα −q 0 β +q 0 q −2q 0 −1). Using Eq. (10) It is now straightforward to check that 0 ≤ β ≤ 2q 0 and that 0 ≤ 2α + β ≤ 2q 0 .
Note that the area S consists of integer points within a parallelogram with vertices (0, 0), (q 0 , 0), (0, 2q 0 ) and (−q 0 , 2q 0 ).
Recall that we have the following formula for the number of gaps of the semigroup H (P 00 , P ∞ ) (choose c = 1 in Theorem 18):
#{ j > i | σ ( j) > σ (i)}.
Moreover we had (Lemma 16):
The summation is in fact finite, since for c big enough the sets occurring in the sum are empty. In the case of the Suzuki curve one can show (for example using Lemma 23) that the last nonzero term in the sum occurs for c = 2q 0 − 1. We will use Lemma 23 to find explicit expressions for each of the terms occurring on the right hand side of Eq. (12). We start with the first term in the next lemma. Proof. We fix an i satisfying 0 < i ≤ a. We know from Lemma 23 that there exists a unique pair (α, β) ∈ S such that (i, σ (i)) = (α, β). Again using this lemma, we deduce that the number #{a ≥ j > i | σ ( j) > σ (i)} is equal to the number of pairs (γ , δ) ∈ S such that q 0 (β −δ) < α −γ and q(α −γ ) < q 0 (β −δ). If α ≥ 0 this number of pairs equals
We obtained this formula by counting pairs (γ , δ) ∈ S lying on the line 2γ +δ = 2α +β +i satisfying the aforementioned inequalities. Similarly if α < 0 we obtain the formula 
